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RELATIVISTIC EFFECTS ON ARTIFICIAL SATELLITES 
 
Abstract. In this work a preliminary presentation of first and second order equatorial orbit of a 
satellite of the Earth is presented, by considering only the zonal harmonics J2 and J4. This is done in 
order to apply the main results to the motion of the satellite in the flat space-time defined by 
Einstein Special Relativity. A correction introducing a modified Schwarzchild metric for curved 
space show that almost zero modification is introduced for the motion of the perigee, in case of a 
satellite orbiting the Earth. The basic reference to this work is an early paper by Prof. Abrahão de 
Moraes. 
 
1. EQUATORIAL MOTION OF A SATELLITE IN A FIRST ORDER THEORY 
The force per unit mass acting on a satellite at position r  in the equatorial plane of the Earth 
is given by: 
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Since this force point always toward the center of the Earth, a satellite launched at a point on 
the equatorial plane, with a velocity parallel to that plane (local vertical), follows a trajectory 
situated in the plane of the equator. 
Therefore, neglecting all tesseral harmonics, the motion of an equatorial satellite is a central 
motion, with its pole at the center of the Earth. 
Considering only the major oblateness term, the Lagrangian of the problem is 
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where   is the right ascension of the satellite reckoned from the vernal equinox and, for the sake of 
simplicity, it has been defined 23 / 2J J . This eliminates several 3/2 factors from all the following 
equations. 
The equations of motion corresponding to the Lagrangian (1.2) are: 
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 2   0 d rd t             (1.4) 
 
This last equation corresponds to the first integral (the area integral) given by: 
 
2  r C             (1.5) 
 
Another integral is the energy integral per unit mass of the satellite, given by 
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Elimination of the time in (1.3), by means of the area integral (1.6) yields the differential 
equation of the trajectory: 
 
2 2
2 2 2 2
1 1    
d JRr
d r C C r
 
             (1.7) 
 
Admitting for the sake of simplicity, that a and e are, respectively, the semi major axis and 
the eccentricity of the unperturbed ellipse corresponding to a perigee of the satellite, of right 
ascension p , the solution of (1.7) may be written as 
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a formula that can be obtained by the integration of (1.7), with the initial conditions    1r a e  , 
0r , for p  . 
The oscillations of the radius vector of periods 2 3  and 2  which, in the inclined orbits, 
Eng Res, v. 3, n. 1, p. 1-19, January / 2012. doi.org/10.32426/engresv3n1-001. 5 
depended on the inclination, disappear. There remains that of period  , with an amplitude 
proportional to the square of the eccentricity which, for satellites of small eccentricity, will be 
negligible. Besides that perturbation, there are only those that modify the major axis and the 
eccentricity, namely those due to the constant term and the term involving  cos   p  , and that 
which produces the rotation of the perigee, all containing J  as a factor. 
Equation (1.7) admits the first integral: 
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which may be obtained by elimination of the time from the area and energy integrals. By defining 
2/ (1 ) /w p r a e r    the above equation becomes 
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where 2(1 )p a e   and 2C p , according to the definition of the unperturbed Keplerian motion. 
Equation (1.7) is analogous to that which describes the orbit of a planet in the general theory 
of relativity, as shall be seen later in this work (Section 2). 
The relativistic effect in the motion of a planet, under the action of a central body, can be 
classically obtained by adding to the Newtonian attraction a component, also central and attractive, 
with a modulus which is inversely proportional to the fourth power of the radius-vector. 
With respect to the effects to the first order, in the case of equatorial orbits, the oblateness of 
the central body introduces a similar perturbation, given by (1.1). 
According to the general theory of central forces, the motion determined by (1.3) and (1.4), 
may be obtained by means of a simple integral, that is, an exact solution can be written in terms of 
elliptic functions.  Important characteristics of the motion can be deduced from a study of the 
equation: 
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Introducing the parameters  a  and e  of the unperturbed ellipse corresponding to the initial 
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perigee, it follows that: 
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so that 
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One root of equation (1.11) is: 
 
2 1w e             (1.13) 
 
corresponding to the radius-vector 2 (1 )r a e  , the initial perigee. 
The other two roots are those of the second degree equation 
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Neglecting terms in J 2 one finds 
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The root 1w  reduces to 1 e  when 0J   and corresponds to the apogee of the unperturbed 
ellipse. When J e , which is the usual case, we shall have 1 2 3w w w  . The root 2w  will be less 
than 1w , when the eccentricity is small compared with J , the inversion of the order occurring for a 
value of the eccentricity approaching 2 2/JR a . 
The most common situation, where 1 2 3w w w  , will be adopted and (1.13) may be written 
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as 
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Since  P w  is positive in the intervals  1 2,w w  and  3,w  , and it is negative in the 
intervals  1, w ,  2 3,w w , and, since when p  , 2w w , w  will remain in the interval 
 1 2,w w  throughout the motion. 
NOTE: It can be shown that the exact solution of the equation (1.17), corresponding to the initial 
conditions 1w e  , 0dw
d   for p  , is 
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where cn and dn are the usual Jacoby Elliptic Functions and their modulus is 
 
 3 1   6
JRk w w
p
            (1.19) 
 
The trajectory will be entirely contained between the circles of center 0 (the center of the 
Earth) and radii 1 1/r p w  and 2 2/r p w , which are the distances from the apogee and perigee, 
respectively, to the center of the Earth. These distances are: 
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and it is seen that the difference between apogee and perigee is 
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This difference is smaller than the difference between the apogee and the perigee of the 
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unperturbed ellipse, 2ae , by 
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For a satellite in an orbit of eccentricity 0.05e  , at an average altitude of 620 km, such a 
difference, due to the major oblateness term of the Earth potential field would be about 22 km. 
The displacement of the perigee and apogee may be obtained by considering the apsidal 
angle, which is the difference between the right ascensions of a perigee and a consecutive apogee. 
With A  as the right ascension of the apogee which immediately follows the perigee, of right 
ascension p , the apsidal angle can be computed as follows. Starting at P   the value of the 
radius-vector r will increase, so that the value of ξ will decrease, reaching a minimum at A  , 
the right ascension of the next apogee. Therefore, starting at P   the equation defining w up to 
the point A   will be, from Equation (1.19), 
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Since at 2,P w w   . it follows that 
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Expanding this elliptic integral in power series of J and neglecting terms of second and 
higher order in J the difference between the right ascensions of a perigee and the next apogee is 
given by 
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The difference between the double of this apsidal angle and 2 
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gives the displacement of the perigee and the apogee per revolution in right ascension. When 
considering orbits of small inclination I and eccentricity larger than J, a well-known formula for the 
displacement of the perigee (or apogee) per revolution is given by 
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p
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This result cannot be used for equatorial orbits simply putting the inclination I equal to zero. 
This is because in an inclined orbit the perigee is counted from a moving point in the equator (the 
ascending node) while for an equatorial orbit the reference point is quasi-inertial in the Earth 
equator, say the vernal equinox. 
One may go one step forward including a second order harmonic. By defining 
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the corresponding differential equation for the radius vector is 
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where 
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The solution of this equation, neglecting terms higher than the second in the harmonics J 
and K, is given by 
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Now the motion of the perigee is associated to the mixed secular terms in this equation and 
the longitude of the perigee corresponds to the condition / 0dw d  . 
In case when e J , the result is 
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2. RELATIVISTIC EFFECTS 
The most important measurable effect of Einstein Relativity applied to Dynamics, as 
opposed to the Newtonian Classical Mechanics, is the motion of the pericenter of a body orbiting 
around a massive object. Historically, the discrepancy between the observed and the computed 
motion of Mercury’s perihelium, was the first evidence of Einstein proposed theory. 
The “one-body relativistic problem” will be considered here, in the sense that one considers 
the mass of the central body much larger than the mass of the orbiting body, in our case, the motion 
of an artificial satellite in the vicinity of the Earth. The “relativistic two-body problem” is several 
orders of magnitude more complex and has never been solved, not even to the point of proving that 
a stationary solution exists for two massive bodies orbiting in circular orbits one around the other. 
The two-body problem is related to the distortion of the space-time surrounding one body by the 
presence of another massive body, which definitely is not the case of a satellite moving around the 
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Earth or even a planet moving around the Sun. In this last case it is possible that a planet like Jupiter 
might have a measurable effect on the space-time around the Sun. Close binary stars are a typical 
“relativistic two-body problem” and the precise description of their mutual influence is far from 
being obvious, and according to the theory of general relativity, their exchange of energy should 
generate gravitation waves, but these we have never been able to observe. For this subject a good 
reference is Eddington´s book (Eddington, 1975, p.95). Even in the case of one body, the 
development shall be restricted to the Theory of Special Relativity, considering a flat space-time as 
initially proposed by Einstein, which is a “suspicious” simplification of the problem. Some 
indication will be given on a possible form of the Law of Gravitation proposed by Einstein for a 
curved space. 
In order to give a better in-site of the problem of motion of a satellite in the flat time-space 
surrounding the Earth, the similarity of the problem analyzed in the previous section and the 
problem of including relativity in the motion of a satellite will be shown. The formalism used in the 
previous section can be entirely applied to evaluate the relativistic effect, and shows that the 
presence of the Earth, as seen by Einstein Special Theory of Relativity, is similar to an “oblateness” 
acting in the orbital plane of the satellite, so that neither inclination or node are affected by relativity 
(Giacaglia, 2007). 
In the special theory of relativity, a satellite’s motion is defined by a geodesic of the flat 
space-time determined by the Earth. The square of the element of the arc of this space, as given by 
Schwarzschild (McVittie, 1958; Eddington, 1975), is 
 
  22 2 2 2 2 2 2211 2 / ( sin )1 2 /
drds k r dt r d r d
c k r
              (2.1) 
 
where ( , , )r    are the radius-vector, the co-latitude (polar angle) and the longitude along the 
equator (right ascension) of the satellite, 2 2/ /k GM c c  , M is the mass of the central body, c is 
the speed of light in vacuum and t is the Newtonian time. This quantity was called by H. Weyl the 
radius of gravitation of the central body. For the Earth, 0.44k cm , a very small quantity, and for 
the Sun 1.47k km . It should be noted that the ratio between the proper time s and the Newtonian 
time t , for small mass M of the central body differs from unit by a very small quantity, in case of 
the Earth, of the order of 10-9. It follows that for all practical applications in satellite theory, the two 
times correspond to the same scale. The satellite orbits resulting from the geodesic (2.1) are to be 
discussed later. But for the sake of basic understanding one can consider the simple example of a 
circular orbit. It should be beared in mind that the metric quantities in what follows are measured in 
the Schwarzchild space-time. But taking into account the almost coincidence of proper and 
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Newtonian times, it follows that all quantities should be regarded in this perspective. This is not the 
case, for instance, for the orbit of Mercury. For an orbit of constant proper radius r = a in the proper 
plane  = π / 2, the geodesic equations for the circular orbit are simply 
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After one revolution the angle  increases by 2 and the corresponding intervals of the 
Newtonian time t and the proper time s are respectively 
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which are the Kepler Equations in Newtonian Space and in flat Space-Time. In the above equation 
one has 
 
3 3 (1 3 / )p N Na a k a  .          (2.4) 
 
For measurable values of 3k/aN one should be able to actually observe the difference 
between TN and Tp. This introduces a difference between the “theoretical Earth” orbiting at a 
distance given by the Kepler Law in Newtonian Space and the “real Earth” orbiting at a distance 
given by the Kepler Law in Space – Time. 
For the Sun the value of k is approximately 1.47 km. Since aN is about 150 Mkm, the factor 
(1 3 / )Nk a  is about (1 - 29.4 x 10 - 9). Therefore, the ratio between pa  (the real astronomical unit 
in space-time) and Na  (the theoretical astronomical unit in Newtonian space) is about 
0.999999990. From an observational point of view would require measuring a distance with an 
error not larger that one part in ten millions. 
It must be noted that Schwarzchild metric is a particular solution of Einstein Law of 
Gravitation (Eddington, 1975) expressed by the law 0G   , a necessary and sufficient condition 
for a flat space-time and corresponding to what Einstein called “empty space”. 
The tensor G  is defined by the equation 
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[ , ][ , ] [ , ][ , ] [ , ] [ , ]G
x x  
                     (2.5) 
 
where [ , ]   is the usual Christoffel Symbols defined by 
 
1[ , ] 2
g g g
x x x
  
  
            
        (2.6) 
 
and the g  are the coefficients of the general metric expressed by the quadratic form 

 
dxdxgds2  giving the interval between two events 1 2 3 4( , , , )x x x x  and 
1 1 2 2 3 3 4 4( , , , )x dx x dx x dx x dx     in space-time. The fourth coordinate is interpreted to be the 
Newtonian time, while s is usually called the proper time. For the flat space it is possible to define a 
Galilean system of coordinates where the coefficients of that quadratic form are constant. Spherical 
coordinates ( , , , )r t  do not satisfy such condition and Schwarzchild metric shows that for Einstein 
flat space one has 
 
2
1 1
1 2 /rrg c k r   ,  
2
2
1g r
c
  ,  2 221 sing rc   ,  1 2 /ttg k r   
 
all other g’s being zero. 
The introduction of curved space-time by means of a Gaussian curvature suggested by 
Einstein in his Law of Gravitation for empty space corresponds to an equation of the form 
G g   where   is an arbitrary constant. But cosmogonic considerations indicate that the 
constant λ is a very small quantity and therefore the assumption of flat space is sufficient for our 
purposes. In any event Schwarchild metric, for this curved space-time (Eddington, 1975), assumes 
the form 
 
3 2
2 2 2 2 2
3
2  1    2  3 1  3
k r drd s c dt r d
k rr
r
 
               
,     (2.7) 
 
which is an approximation that considers that constant to be very small. It is related to what Einstein 
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called the “horizon of the world” 3 /Hr   which must be no less than the more remote celestial 
object, so that   must be less than 40 210 km  . 
The Schwarzcihld space being flat, in Equation (2.1) one can choose the coordinates so that 
the satellite moves initially in the plane  = π/2. It follows that d /ds = 0 and cos 0   initially, so 
that 2 2/ 0.d d s   The satellite therefore continues to move in this plane in space-time, and its 
position can be defined by its polar coordinates ,r   in the plane of the trajectory, and the relation 
(2.1) reduces to: 
 
2
2 2 2 2 22  1    2  1  
k drd s c dt r dkr
r

            
.      (2.8) 
 
The corresponding trajectory is represented by the equation [Eddington, 1975, Geisler, 
1963]: 
 
2
2 2 2
1 1 13    
d
r k
d r r C

             (2.9) 
 
where C, the constant angular momentum, is defined by 
 
2 dr C
dt
             (2.10) 
 
Actually, since the proper radius-vector and time are different from the Newtonian radius-
vector and time, the above equation is only approximately, the difference being too small to be 
taken into account. The equation (2.9) is analogous to (1.8), which determines the equatorial 
trajectory in the first order approximation. The comparison between these two equations shows (De 
Moraes, 1958) that the relativistic effect can be interpreted as a first order effect in the equatorial 
orbit, due to a fictitious oblateness, characterized by a coefficient *J  such that 
 
k3
C
RJ 2
2
     *   
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or, introducing the parameters a and e of the unperturbed ellipse: 
 
*
2 3    
kpJ
R
 .          (2.11) 
 
Admitting the value of k = 0.44 cm computed for the Earth 
 
* 9 2.08 10   pJ
R
            (2.12) 
 
This coefficient *J  is, then, less than half of  3 95.1 10J   . One can, therefore, foresee 
that the relativistic effects on the orbit of an artificial satellite of the Earth are comparable to the 
third order effects due to the Earth’s oblateness. Before the analysis of the motion of a satellite of 
the Earth can confirm the relativity theory, it will have to give better information about the geoid, 
whose irregularities produce much more noticeable effects. 
 
According to the relation (1.25), the relativistic displacement of the satellite’s perigee, per 
revolution, is: 
 
2
*
2
6  2   rel RJ p c p
              (2.13) 
 
a well-known formula of the theory of relativity. Adopting the values for the Earth we find 
 
32.73 10  rel Rp
   .         (2.14) 
 
For a satellite with 1.5 ,   0.1a e
R
  , we have 
 
32.21" 10 /rel rev    .         
 (2.14) 
 
About 19.412 revolutions would be needed for an advance of 42.9”, which the perihelium of 
Mercury executes in a century. Since such a satellite has a period of revolution of about 118 min the 
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time necessary for this would be approximately 4.36 years. 
The relativistic equation can be integrated exactly using the same technique that was used 
for an equatorial orbit under the influence of the major oblateness term. But since the “gravity 
oblateness” is of the order of 10 -9, second order terms containing the square of this “oblateness” are 
certainly negligible even under the most modern orbit determination methods. The solution given 
for the dynamical oblateness was found to be 
 
     
     
2 22
3 2
1 / 3 1  / 3   cos   1   cos  1 J ( / 6)cos 2     sin  
pp
p p p
e ee R
r p p e e
  
     
                
 
 
Taking into account the definition of the “relativistic oblateness” given by * 2 3 /J kp R , we 
find 
 
     
     
2 2
2 2
1 / 3 1  / 3   cos   1   cos  1 3  ( / 6) cos 2     sin  p
e ee k
r p p e e
  
     
                
  (2.15) 
 
By introducing the variable rpw /  the orbital equation above may be written as 
 
          
2 2
2
1 / 3 1 / 3   cos   31   cos   ( / 6)cos 2     sin  
e ekw e
p e e
        
                
  (2.16) 
 
The equation for w, according to Equation (2.3) is 
 
2
2
2
3 1d w kw w
d p              (2.17) 
 
Let us initially consider the solution for small values of the 2w coefficient. The first order 
solution is simply given by 
 
1 cos( )w e               (2.18) 
 
as in the Keplerian unperturbed motion. The parameters e and  are constants of integration, the 
eccentricity and the argument of perigee. Substitution of Equation (2.18) into the Equation (2.17) 
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gives 
 
 2 22 3 6 31 cos( ) 1 cos 2( )2
d w k ke kew
d p p p
                (2.19) 
 
The term in cos( )   is the only one producing a measurable effect in the observations 
and is actually responsible for a continually increasing effect due to resonance with the left-hand 
side of the equation. 
A particular solution of Equation (2.19), neglecting the small term in 2ke  is found to be 
 
3 sin( )p kew p              (2.20) 
 
so that the second order solution is 
 
31 cos( ) sin( )kew e
p
                (2.21) 
 
This solution may be written as 
 
1 cos( )w e                (2.22) 
 
where, neglecting 2( ) , 
 
3k
p
             (2.23) 
 
As the satellite undergoes one revolution the perigee moves the amount 
 
6
rev
k
p
             (2.24) 
 
in complete agreement to the result given in Equation (2.13), since we have defined 2/k c . 
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Using Kepler´s Third Law, expressed by 
2
32 a
T
      , where T is the period of the orbit, 
we find 
 
3 2
2 2 2
24
(1 )rev
a
c T e
             (2.25) 
 
which is another form for the displacement of the perigee in one orbital revolution. In this law the 
semi-major axis can be considered as defined in Newtonian space, since the difference, as we saw, 
is totally negligible. 
The effects of the relativistic oblateness on the inclination and node of the satellite are zero, 
since this kind of oblateness is acting on the orbital plane. The semi-major axis is affected in the 
sense that Kepler´s law is space-time, but the influence is totally negligible, far beyond any 
possibility of observation. 
Introduction of curved space-time, and corresponding to the modified Schwartzchild metric 
(2.7), leads to the new displacement of the perigee per revolution 
 
46
rev
k p
p k
    .          (2.26) 
 
Since the constant   is less than 240 km10  , the correction to the advance of perigee is 
almost null. 
Using the approximate value for the planet Mercury 
 
6
2 1.437 , 58.064 85 10 , 0.205 627
sun
km a km e
c
            (2.27) 
 
From Eq. (2.24), we obtain the centennial value of the displacement of Mercury perihelium 
as 42”.76. 
The observed value of this displacement is 43”.48 ± 0”.29, so that the deviation of the 
computed value from the observed value is 0”.72 ± 0”.29, a reasonable agreement. If we apply the 
correction for the curved space given by Eq. (2.27) we obtain the additional centennial value of 
0”.50 × 10-8, a very small value indeed. 
Referring to Tapley et al. (2004), the application of a very sophisticated formula (Eq. (2.3)) 
for the relativistic effect on the motion of the perigee of a satellite, as proposed by Ries et al. (1991) 
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the perigee of a satellite with a = 7500 km and  = 0.025, is found to be 11 arcsec/yr. Application of 
Eq. (2.24) above, gives the value of 11.33 arcsec/yr, showing that it is hardly necessary to consider 
a curved space-time for a satellite of the Earth, as it is for the planet Mercury, despite its small 
distance to the Sun. 
According to Eq. (2.4), considering the accepted value k = 0.44 cm for the Earth, the proper 
value of the semi-major axis of this satellite would differ from the Newtonian semi-major axis by 
less than a millimeter. 
In the above development we have neglected the relativistic effects in the definition of the 
frame of reference which would imply in a negligible shift of the node (Tapley et al., 2004) 
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